INTRODUCTION
Let B = {Bt, t >_ 0} be a one-dimensional standard Brownian motion starting from 0. In this paper we are concerned with the Brownian functionals of exponential type respectively. These functionals have recently been studied extensively by many authors (see, e.g., [1] , [3] , [11] , [15] , [22] and [24] ) in relation to mathematical finance, Brownian motions on hyperbolic spaces, some disordered systems, generalized Bessel processes and so on. In particular, the explicit form of the two-dimensional joint distribution of (At, Bt) is known by Yor [22] (see (2.3) in the next section) and it plays important roles in those domains.
The purpose of this paper is to discuss the three-dimensional joint distribution of (At, at, Bt) and to show some applications; in particular, we will show an explicit formula, which is of simpler form than Fay's original expression ([6] ), for the heat kernel of the semigroup generated by the The three-dimensional distribution has been considered by Leblanc [13] for the study of some models, in particular of a stochastic volatility model introduced by Hull and White [10] , in mathematical finance and by Ikeda-Matsumoto [11] for the study of Hk and mentioned above. They have considered the Laplace transform (in time t) of the distribution or the Green functions for by several methods. Alili [1] has also studied it and has given an alternative decomposition via an exponential formula of the excursion theory.
We will show a closed form for (1.2) = r ( 2 0 3 C 0 3 t ) 1 / 2 e 0 3 C 0 2 / 2 t 0 e -0 3 B E 2 / 2 t e -r c o s h ( 0 3 B E ) s i n h ( 0 3 B E ) s i n ( 0 3 C 0 0 3 B E / t ) d03BE.
For the distribution of the exponential functional At given in the Introduction, Yor [22] [5] , [16] and the references cited therein. Now let X = {~~ ~ 0} be a one-dimensional Brownian motion starting from 0 defined on a probability space (f~, ~, P) and set ~ = 5 ~ ~}. Moreover, letting A~ be the martingale given by (3.1), we define another probability measure P by In order to show the correspondence to an analytic proof of (2.6) Proof. We first recall the Lamperti relation (see [20] is the total winding of Z about 0. Moreover we recall the following formulae (cf. Pitman-Yor, [18] , [19] Next, starting from an explicit formula for the Green function GM03BB,k for which has been obtained in [11] GM03BB,k(x,y;03B12/2) ~ 0 e x p ( -1 2 0 3 B 1 2 t ) q M 0 3 B B , k ( t , x , y ) d t one (see [6] , [11] and also [17] ). We begin with recalling some results in [11] . A trivial modification -2Hk + k2 gives the Maass Laplacian which plays important roles in several fields of mathematics. For details, see [11] and the references cited therein.
Let qk (t, z1, z2), t > 0, z1, z2 E H2, be the heat kernel with respect to the Riemannian volume y-2dxdy of the semigroup generated by Hk. Then d03BB.
With the help of harmonic analysis on H2, Fay [6] Then the function gt on the right hand side of (5.1) [4] for the heat kernels of the semigroups generated by the Laplacians on the real hyperbolic spaces. Moreover, setting r = 0, we also easily obtain q k ( t , z , z )
= e x p ( -t / 8 -k 2 t / 2 ) ( 2 0 3 C 0 t ) 3 / 2~0
c o s h ( k b ) b e x p ( -b 2 / 2 t ) s i n h ( b / 2 ) db, which coincides with (3.5) in [11] . In general, we can show that our expression (5.3) for gt coincides with that of Fay [6] (see [11] for details including some comments on Fay's original result). We omit the detailed proof since it only needs easy but lengthy calculations.
In the proof of (5. Gruet has also shown that, from his expression (5.4), we can derive the classical formulae for p2 = qo mentioned above and p3, for which we know ([4]) (5.5) p3(t,z1,z2) = e -t / 2 ( 2 0 3 C 0 t ) 3 / 2 d 3 ( z 1 , z 2 ) s i n h ( d 3 ( z 1 , z 2 ) ) e x p ( -d3(z1 ,z2)2/2t) .
In particular, the right hand side of (5 .5) given by c o s h ( d ( z 1 , z 2 ) ) = y21 + y22 2y1y2 and we have qk( t, z1, z2) = e -t / 8 -k 2 t / 2 y1y2 203C0~-~q M03BB,k (t, log y1, log y2) d 03BB.
Next we note that zl, z2) and the function defined by the right hand side of (5.3) are, as functions in k, analytic on C. The analyticity of is seen from the probabilistic representation for it (see Section 2 of [11] ). Therefore it is sufficient to show (5.3) when |k| 1/2 by virtue of the uniqueness theorem for analytic functions. In this section we apply . Now, noting that the integral is absolutely convergent since bao 0, we get (6.5) by using (2.6). D
